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ABSTRACT 
In this paper the following theorem is proved and generalized. 
The partitions of any positive integer, n, into parts of the forms 6m q- 2, 6m q- 3, 
6m § 4 are equinumerous with those partitions of n into parts ~ 2 which neither 
involve sequences nor allow any part to appear more than twice. 
1. INTRODUCTION 
It appears that P. A. MacMahon was the first to recognize the combi- 
natorial significance of the Rogers-Ramanujan identities [4, Ch. III]. 
The second of these identities was stated thusly: 
The partitions of any positive integer, n, into parts of the forms 5m -t- 2, 5m -~ 3 
are equinumerous with those partitions of n into parts ___ 2 which involve neither 
sequences nor repetitions. 
In  the next chapter of MacMahon's  book, the following striking (and 
little known) theorem which resembles the second Rogers-Ramanujan 
identity is proved, although not explicitly stated: 
The partitions of any positive integer, n, into parts of the forms 6m, 6m q- 2, 6m + 3, 
6m -t- 4 are equinumerous with those partitions of n into parts ~ 2 which do not 
involve sequences. 
* Partially supported by National Science Foundation Grant NSF 6592. 
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Thuswi thn=12,  thel6part i t ionsofthef i rsttypeare 
12 ,10+2,9+3,8+4,8+2+2,6+6,6+4+2,6+3+3,  
6+2+2,4+4+4,4+4+2+2,4+3+3+2,  
4+2+2+2+2,3+3+3+3,3+3+2+2+2,  
2+2+2+2+2+2;  
whi lethe l6part i t ionsof thesecondtypeare 
12 ,10+2,9+3,8+4,8+2+2,7+5,6+6,6+4+2,  
6+3+3,6+2+2+2,5+5+2,4+4+4,4+4+2+2,  
4+2+2+2+2,3+3+3+3,2+2+2+2+2.  
The following theorem in a certain sense appears to be intermediate 
between the second Rogers-Ramanujan identity and MacMahon's 
theorem. 
THEOREM 1. The partitions of any positive integer, n, into parts of the 
forms 6 m + 2, 6 m + 3, 6m + 4 are equinumerous with those partitions 
of n into parts > 2 which neither involve sequences nor allow any part to 
appear more than twice. 
Thus again with n =- 12, the 11 partitions of the first type are 
10+2,9+3,8+4,8+2+2,4+4+4,4+4+2+2,  
4+3+3+2,4+2+2+2+2,3+3+3+3,  
3+3+2+2+2,2+2+2+2+2+2;  
while the 11 partitions of the second type are 
12, 10+2,  9+3,  8+4,  8+2+2,  7+5,  6+6,  6+4+2,  
6+3+3,  5+5+2,4+4+2+2.  
I have been unable to find the above theorem in the literature. Actually 
it is a special case of the following theorem with k = 1, a = O. 
THEOREM 2. Let 0 < a < k be integers. Let Ak,a(N) denote the number 
of partitions of N into parts ~ O, +(2a + 1)(rood 4k + 2). Let BLa(N ) 
denote the number of partitions of N of the form ~i~=lfi. i, where (1) 
f~ < 2a, (2) [89 + 1)] + [89 + 1)] <_ k. Then 
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Ak,~(N) ---- Bk,~(N). 
The object of this paper is to prove these two theorems. As we have 
observed, Theorem 1 is a special ease of Theorem 2, so we shall content 
ourselves with proving Theorem 2. 
2. PROOF OF THEOREM 2 
We first discuss the second condition on the partitions enumerated by 
Bk,a(N); it states that, if i appears 2j  -- 1 or 2j  times as a summand, 
then i + 1 appears at most 2(k -- j )  times. Thus we see (with j = k) 
that no part appears more than 2k times. 
We now proceed by the technique developed in [1] and [2]. If 
Ck,~(x; q) ~ ( - -  1)~xk~ql/2(2k+l)u(~+l)-iu(1 -- xiq (2u+1)i) 
/z=O 
(1 - -xq) . . .  (1 - -xq  u) 
X 
(1  - -  q )  . . .  (1  - -  q~') ' 
then [5, p. 4] 
(1) 
Ck,i(x; q) -- Ck,i-l(x; q) ---- xg-lqi-l(1 -- xq)Ck,k-i+l(xq; q), (2) 
and [5, p. 4] 
Ck,_~(x; q) : -- x-iq-gCk,~(x; q) (3) 
Consequently, if we define 
co 
Rk,,~(X) : Ck,i+l/2(X2. q2) [I (1 -- xq~) -1, 
j= l  
then for 0 < i < k, (2) implies 
Rk,i(X) -- Rk, i - l (X)  = x~-lq21-a(1 + xq)Rk,k_i(xq), (4) 
and (2) and (3) imply 
Rk,o(x) = Rk,k(xq). (5) 
We many expand Rk,i(x) as follows 
co  
R~,~(x)= ~ ~ ck,i(M,N)x~q zr
N=-oo M=-co 
]x ]~ l ,  ]q ]< l .  (6) 
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Then by means of (4), (5), (6), and the definition of Rk,~(x) we easily 
verify that 
tl0 if M:  N 0, 
ck~(M,N), = , -  i fe i therM~OorN~O,  andM2§  N2:/:O, (7) 
Ck,o(M, N) ~- c~,k(M, N -- m) ,  (8) 
c~,~(M, N) -- ck,i-a(M, N) : ck,k- i (M -- 2i § 1, N -- M)  
§ ck,k-~(M -- 2i, N -- M),  0 < i ~ k. (9) 
One easily verifies by mathematical induction that the ck,i(M, N) for 
0 < i <_ k are uniquely determined by (7), (8), and (9). 
Let p~,i(M, N)  denote the number of partitions of N into M parts of 
the form N = ~]j~lJj 9 J with fx --< 2i and 
[89 § 1)l § [l(J~+ 1 Jr- 1)] __ < k. 
We wish to show that p,.i(M, N) satisfies (7), (8), and (9). Now (7) is by 
definition. 
As for (8), let us consider any partition enumerated by pk,o(M, N). 
Since 1 does not appear, every summand is ~ 2. Subtracting 1 from every 
summand, we obtain a partition of N -- M into M parts with 1 appearing 
at most 2k times and again 
[1~c [89 § 1)] + ~,,+x § 1)] < k. 
Thus we have a partition of the type enumerated by p~,k(M, N-  M). 
The above procedure stablishes a one-to-one correspondence b tween 
the partitions enumerated by pk,k(M, N -- M)  and the partitions enu- 
merated by Pk,o(M, N). Hence 
pk,o(M, N) : p~,k(M, N -- M).  
Finally we treat (9). We note that pk,~(M, N) -- Pk,i_l(M, N) enume- 
rates the number of partitions of N into M parts of the form N ~- ~Z~ 
j~. j with 
f~ = 2i -- 1 or 2i and [l(f~ _~ 1)] J[- [1(~+1 -~- 1)] < k. 
In casef~ = 2i -- 1, we see that f2 ~ 2(k -- i); subtracting 1 from every 
summand, we obtain a partition of N -- M into M -- 2i 4- 1 parts with 1 
appearing at most 2 (k -  i) times and 
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[89 + 1)] -q- [  89  -~- 1)] ~ k. 
Thus we have a partition of the type enumerated by Pk,k-~(M --  2i + l, 
N -- M). In case f l  = 2i, we see that f2 ~ 2(k -- i); subtracting 1 from 
every summand, we obtain a partition of  N -- M into M -- 2i parts with 
1 appearing at most 2(k -- i) times and 
[89 -k 1)] + [89 -~- 1)] ~ k. 
Thus we have a partition of the type enumerated by Pk,k-~(M --  2i, 
N -- M). The above procedure stablishes a one-to-one correspondence 
between the partitions enumerated by 
pk,~(M, N)  --  Pk , i - l (M,  N)  
and the partitions enumerated by 
Pk ,k - i (M --  2i -k 1, N --  M)  + Pk,k- . i (M --  2i, N --  M) .  
Hence 
pk,i(M, N)  - -  Pk, i -a(M, N)  ~ pk,~_i (M - -  2i + I, N -- M) 
+ Pk ,k - i (M --  2i, N --  M) .  
Thus by the comment following (9), 
ck,i(M, N) = pk,i(M, N). 
Thus for 0~a<k 
A k,a( N )q N = f i  
N=0 n=l  
n~O,+(2a+l )  (rood 42+2) 
= Rk ,~(1)  
(1 -- q~)-I 
= Z Z Pk,a( M,  N)q  N 
N=-co M=-co 
oo 
= Y~ B~, , (N)q  ~, 
N=O 
(10) 
This concludes the proof of Theorem 2. 
where the second equation follows from Jacobi's identity [3, p. 283]. 
Therefore 
Ak,a(N)  = B~,a(N ). 
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